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Abstract—Applying a nonlinear disturbance observer to a two-
wheeled cane for walking assistance is proposed in this paper.
The hardware design and controller for the two-wheeled cane
are also presented. The two-wheeled cane is designed to help
users, especially the elderly walk and balance. The design of
the two-wheeled cane is based on an inverted pendulum model,
and to validate the performance of system multiple simulation
and experimental tests were performed with the designed hard-
ware model. The nonlinear disturbance observer presented good
results, which were the same as the force sensor measurement
signals. The experimental results show that the two-wheeled cane
based on the nonlinear disturbance observer is useful to help
elderly persons maintain their balance.

Index Terms—Inverted pendulum, nonlinear disturbance ob-
server, two-wheeled cane, robotic cane, assist devices.

I. INTRODUCTION

The population of the aging community is expanding

rapidly, especially in developed countries, as are the number

of services designed to support elderly people with compact

and flexible devices; this is the main target of all researchers.

For example, Refs. [1], [2] tried to reduce the size of a

traditional cane using an omnidirectional wheel to help users

maintain their balance; however, such a system would be

dangerous for elderly people if the speed of the robotic cane is

fast and in an uncontrolled state. However, to support users in a

rehabilitation center Refs. [3], [4] for assist as the user needed

behavior by motion of hander; Ref. [5] studied movement

using a three-wheeled robot; this designed was less flexible,

and its application in practice was limited because it was hard

to use when walking on rugged terrain.

There are several compact assistant devices such as robotic

canes to help users maintain their balance; however, most

results only detail the robotic system [6] or simulation results

[7], [8] without providing experimental results to prove the

true utility of the proposed controller.

In Ref. [9], experimental results of a two-wheeled cane

model were presented. However, the mechanical structure was

quite complex and used an inverted pendulum model with

a type of grip handle that makes it difficult to walk and a

force feedback from the robot to the user was not proposed;

therefore, a user would have a liter support from such a type

of two-wheeled cane. Moreover, a basic control stable of an

inverted pendulum model base on dynamic surface control

with nonlinear disturbance observer was presented in Ref. [10]

without any force estimation applied to the rod of the system.

The force estimation by torque sensorless control theory has

develop by Ref. [11] and has some good experiment results.

To overcome the drawbacks in the above studies, we pro-

pose a two-wheeled cane based on an inverted pendulum

model. Parallel to the design of the two-wheeled cane and

the controller is a test with actual users. In addition, the

performance of the nonlinear disturbance observer when esti-

mating the human force applied to the two-wheeled cane was

compared to a force sensor, which obtained the same results.

This paper contains five sections. In Section II, we present

the hardware of the two-wheeled cane in detail. In Section

III, we solve the mathematical equations for the two-wheeled

cane, including the Lie algebra method, and the nonlinear

disturbance observer is developed to evaluate the parameters of

the controller. In Section IV, the performance of the nonlinear

disturbance observer applied to the controller is discussed via

experimental results. Finally, the conclusions and future work

are described in Section V.

II. HARDWARE OF THE TWO-WHEELED CANE BASED ON

INVERTED PENDULUM MODELING

In this section, the hardware of the two-wheeled cane is

presented.

A two-wheeled cane is designed as shown in Fig. 1. It has

a handle on the top of the cane connected to the frame of

the two-wheeled cane via a rod. This frame was printed using

a computer numerical control machine our laboratory and is

connected to two natural rubber tire electric wheels (Fig. 2) on

the left and right sides. There are two motor drivers on the left

and right sides of the frame to control the output current of 10
A to the brushless motor. At the center of the frame, there are

Li-ion batteries with a capacity of 36 V/4400 mAh to ensure



Fig. 1. Hardware design of a two-wheeled cane for walking assistance.

that the two-wheeled cane can operate estimated for more than

10 h without charging. On the bottom, there are a Raspberry

Pi Zero W controller and a bridge circuit connected to an

accelerometer and a gyroscope sensor to calculate and control

the motion of the two-wheeled cane based on our algorithm.

Fig. 2. Natural rubber tire electric wheel including a brushless motor and
Hall sensors.

The natural rubber tire electric wheel includes a brushless

motor and Hall sensors, as shown in Fig. 2. Using this struc-

ture, the two-wheeled cane can work well in any environment

more details concerning the structure are given in Table I. Due

to the special structure of the wheel, which does not include

any gearbox types, the two-wheeled cane can operate silently

and can rotate with a small power connection, which is not

possible with other motor-included gear types.

In addition, the MPU6050 accelerometer and gyroscope

TABLE I
PARAMETERS OF THE NATURAL RUBBER TIRE ELECTRIC WHEELS

Explanation Symbol Unit Values
Voltage V V 36
Output power P W 250
Hall sensor H PPR 90
Size (thickness x diameter nominal) S mm 46 x 168

sensor (Fig. 3) are low-price items. The MPU6050 devices are

connected to a 3-axis gyroscope, with a selectable range up to

±2000 degree/s, and a 3-axis accelerometer, with a selectable

range up to ±8 g and 400 kHz, with a fast mode I2C (Inter-

Integrated Circuit) to communicate with all registers to easily

connect to the Raspberry Pi Zero W controller.

Fig. 3. Designed circuit and orientation of axes of sensitivity and polarity of
rotation of gyroscope sensor - MPU6050.

III. MATHEMATICAL MODEL BASED ON AN INVERTED

PENDULUM MODEL AND THE DESIGN OF THE

TWO-WHEELED CANE CONTROLLER SYSTEM

A. Mathematical model of a two-wheeled cane using an
inverted pendulum model

The two-wheeled cane in Fig. 4 is based on an inverted

pendulum model.

TABLE II
EXPLANATION OF SYMBOLS

Explanation Symbol Unit
Inertia of rod Jφ kg·m2

Inertia of wheel Jθ kg·m2

Viscous friction coefficient of rod Dφ N.m.s/rad

Viscous friction coefficient of wheel Dθ N.m.s/rad

Actuation torque τ N.m

Gravitational acceleration g m/s2

Angle of the rod φ rad

Angle of the wheel θ rad

Disturbance according to φ d1 N.m

Disturbance according to θ d2 N.m

The rod has a length of l, the wheel has a radius of r, the

mass of the wheels is M , and mass of the rod is m and more

details as shown in Table II. Analyzing this system, we use



Fig. 4. Coordinate system of two-wheeled cane using an inverted-pendulum
model.

the Lagrange equation to determine the motion of an inverted

pendulum as follows:

d

dt

(
∂L

∂φ̇

)
− ∂L

∂φ
= 0− d1 (1)

d

dt

(
∂L

∂θ̇

)
− ∂L

∂θ
= τ − d2 (2)

An analysis of an inverted pendulum model was presented

in Ref. [1], [2]. Similarly, the motion equation of the system

is as follows:

[
H11 H12

H21 H22

] [
φ̈

θ̈

]
+

[
b1
b2

]
=

[ −d1
τ − d2

]
(3)

where,

H11 = Jθ + (M +m) r2 + 2mrl cosφ+ Jφ +ml2 (4)

H12 = H21 = −Jθ − (M +m) r2 −mrl cosφ (5)

H22 = Jθ + (M +m) r2 (6)

b1 = −φ̇2mrl sinφ−mgl sinφ+Dφφ̇ (7)

b2 = φ̇2mrl sinφ+Dθ θ̇ (8)

A two-wheeled cane requires a torque to be applied to the

axis motor to move and help users maintain balance. The

torque is derived from (3) without disturbance as shown below:

τ = (H22 − H12H21

H11
)u− H21

H11
b1 + b2 (9)

B. Linearization of the nonlinear system using the Lie algebra
method

We expand the motion equation of the two-wheeled cane in

(10). We can easily recognize that this system is a nonlinear

system.

ẋ =

⎡
⎢⎢⎣

φ̇

φ̈

θ̇

θ̈

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

φ̇

− b1
H11

θ̇
0

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

0
−H12

H11

0
1

⎤
⎥⎥⎦u (10)

The Lie algebra method to linearize a nonlinear system is

one of the best methods to control the inverted pendulum

model. This method is defined by the functions given in (11)

and (12):

ẋ = f(x) + g(x)u (11)

y = h(x) (12)

After expanding these equations using the Lie algebra

method to find the y function as a linear equation, its deriva-

tives from first to third order can be calculated using (13)-(16).

y =

φ∫
0

H11

H12
dφ+ θ (13)

ẏ =
H11

H12
φ̇+ θ̇ (14)

ÿ =
∂

∂φ

H11

H12
φ̇2 − b1

H12
(15)

y(3) � ∂2

∂φ2

H11

H12
φ̇3 − ∂

∂φ

b1
H12

φ̇− 2(
∂

∂φ

H11

H12
)
b1
H11

φ̇ (16)

Obviously, these equations are the linear equations of the

nonlinear system that show the motion of the two-wheeled

cane.

Higher derivatives results is a smoother system. However,

depending on the controller, there may not be sufficient speed

to calculate the motion equations of the system. In this case,

we use the fourth-order derivative, which meets the speed

required to process a basic feedback loop controller to control

this system; the input value u is given by (17).

u =
v − Lf

4h(x)

LgLf
3h(x)

(17)

where,

LgLf
3h(x) =− 3

∂2

∂φ2

H11

H12

H12

H11
φ̇2 +

∂

∂φ

b1
H12

H12

H11

+ 2
∂

∂φ

H11

H12

H12

H11
2 b1 (18)

Lf
4h(x) =− ∂2

∂φ2

b1
H12

φ̇2 +
∂3

∂φ3

H11

H12
φ̇4

− 5(
∂2

∂φ2

H11

H12
)
b1
H11

φ̇2 − 2
∂

∂φ

b1
H12

φ̇2

+
∂

∂φ

b1
H12

b1
H11

+ 2
∂

∂φ

H11

H12

(
b1
H11

)2

(19)



C. Nonlinear disturbance observer to estimate the human
force applied to the two-wheeled cane

With the external disturbances d1 and d2 corresponding to

φ and θ, we present the nonlinear disturbance observer via the

equations below:

ς̇ = −Kς +K2 ∂L
∂q̇ +K

(
∂L
∂q + τall

)
d̂ = ς −K ∂L

∂q̇

(20)

where, ∂L
∂q̇ has two cases correspond to φ and θ as below:

∂L

∂φ̇
= H11φ̇+H12θ̇ (21)

∂L

∂θ̇
= H21φ̇+H22θ̇ (22)

As shown in Fig. 4, the human force HF applied to the rod

of the two-wheeled robot has two directions: along the x-axis

and along the z-axis. This estimated force d̂1 and d̂2 can be

calculate by:[
d̂1
d̂2

]
=

[ −l cosφ− r −l sinφ
r 0

] [
f̂x
f̂z

]
(23)

In the case of moving, reference values are dened as follows:

The angle φref and the angular velocity φ̇ref should be zero

because the robot try to stable with equilibrium point. The

angle of the wheel should move freely by the users force

applied while the force applied to z axis should be near zero,

this reference value is set to the same with current value. The

wheel angular velocity is dened simply proportional to the

integral of applied force d2, because d2 is external torque that

try to rotate the wheel. We has θ and θ̇ as below:

θref = θcurrent (24)

θ̇ref = KI

∫
d̂2dt (25)

In this way, we can use this human force make the plan

to control the motion of the two-wheeled cane to support the

users in maintaining their balance.

IV. EXPERIMENTAL RESULTS

A. Stabilization of a two-wheeled cane by itself

The two-wheeled cane is designed to be able to balance

with or without being held by a user. This is the basic working

mode of an inverted pendulum. Experiments of the controller

on the two-wheeled cane have been recorded in videos, and

several frames are cut from a video and shown in Fig. 5.

The angle of the two-wheeled cane is related to the angle

of the cane, which is determined by the gyroscope sensor in

Fig. 6; the result shows that the two-wheeled cane achieves a

stability point after only 0.05 s with a large tilt angle of the

rod of approximately 0.00008786 rad at 0.02 s and remains

unchanged at 0 rad in the last period.

This result shows that using the Lie algebra method, we can

linearize the nonlinear system not only around the zero point,

a) t = 10.0 s b) t = 900.0 s

Fig. 5. Two-wheeled cane stability by itself.

Fig. 6. Angle of the two-wheeled cane when stabilizing itself.

as in the linear-quadratic regulator method, but also around

large tilt angles of the rod. Therefore, this method is very good

at controlling the two-wheeled cane to help users maintain

their balance when the tilt angle is equal to or greater than

zero degrees.

B. Nonlinear disturbance observer estimations

As shown in Fig. 8, the CFS080CS102A torque sensor is

mounted on the rod of the two-wheeled cane to determine the

actual torque applied to the robot.

Fig. 7. Torque sensor mounted on the rod to measure the human force applied
to the two-wheeled cane.

The actual torque d applied to the two-wheeled can as

shown in Fig. 4 where, Fsx is the force along the x-axis;

Msy is the moment on the y-axis, and lf is the distance from

the center of the motor axis to the center of the torque sensor.



In Fig. 8, our nonlinear disturbance observer used to esti-

mate the human force applied to the two-wheeled cane obtains

the same result as the torque sensor mounted on the rod in

all periods of the three cases: standing, fall forward and fall

backward.

Fig. 8. Human torque estimated by the nonlinear disturbance observer and
torque measured by the torque sensor.

The human force applied to the rod of the two-wheeled

cane will fluctuate around the zero points when supporting

users when standing, as shown in the first period from 0 s to

0.7 s.

In the next step, when a user starts falling forward from

0.7 s to 0.8 s, the human force applied to the rod of the two-

wheeled cane is, for example, a positive 0.06 N in the head

direction of the two-wheeled cane.

Similarly, in the case when a user starts falling backward,

the human force measured by torque sensor has negative value,

e.g..0.05N, similar to our disturbance observer estimation from

0.8 s to 0.9 s.

Moreover, the performance of our disturbance observer has

shown by the smooth line with no noise and vibration as the

measurement values as shown in this figure.

More details of our estimations of these three user cases are

repeated in other periods in Fig. 8 with the error less than 5%

of the nonlinear disturbance observer.

C. To support users in maintaining their balance

In the second test, the efficiency of the two-wheeled cane is

shown by the angle and feedback position of the two-wheeled

cane in Fig. 9.

Fig. 9. The two-wheeled cane help users to stand.

We present three cases as shown in (Fig. 10):

• Case one is when users need to remain stable from 0 rad

to 2.2 rad in the first period in the upright standing po-

sition; in case, the two-wheeled cane helps users achieve

a balancing point through the handle with the angle and

the position of the two-wheeled cane vibration around

equilibrium point of 0.01 rad and 0.04 m respectively;

• Case two is when the cane supports the movement of the

user. In this case, the position of the two-wheeled cane

is based on the angle of the rod compared to the stability

point and the estimated torque applied to the rod, which

establishes a suitable position to help users maintain their

balance while they are moving from 2.2 s to 2.6 s;

• Case three as shown in the last period shown that, when

the users tend to fall backward or fall forward, the figure

indicates that when the angle of the two-wheeled cane

being change to plus or minus values, the positions of

the cane will be following respectively to helps the users

get a new balancing point from 2.6s to the last period.

Fig. 10. Angle and position of the two-wheeled cane when it help users
maintain their balance.

In the first case, the torque estimation using our disturbance

observer is to show in Fig. 11. In the first period from 0 s

to 0.6 s, the user and the two-wheeled cane try to maintain

the balancing point together with the human force oscillating

between −0.05 N and +0.05 N before becoming strongly

stable in the final period with the human force near the zero

point.

In the second case, Fig. 12 shows that, when the user needs

to move forward, the cane is tilted at an angle of φ compared

to the vertical axis and the torque estimation. Then, an output

torque is applied to the motor axis and this torque is calculated

via (9) based on the torque estimation to help the two-wheeled

cane change position with a corresponding angle of θ.



Fig. 11. The two-wheeled cane helping users stand.

Fig. 12. Three modes of supporting by two-wheeled cane.

In Fig. 13, the two-wheeled cane helps users stand; however,

in some cases, the users started to fall backward and then the

robot detects the human force applied to the rod of the two-

wheeled cane to change its position to support the user in

finding a new standing position (in the last period of 2.6 s to

3 s Fig. 10).

Fig. 13. The two-wheeled cane helping a users balance when they are starting
to fall backward.

Similarly, in the last period of 3 s to 3.5 s in Fig. 10 when

a user starts to fall forward, the two-wheeled cane can help

them stand or maintain their balance around the equilibrium

point (Fig. 14).

In this way, with the estimated human force applied to

the rod of the two-wheeled cane, the controller controls the

position and speed of the robot to help the user maintain their

balance when they walk or start to fall backward or forward.

V. CONCLUSIONS AND FUTURE WORK

We designed the hardware of the two-wheeled cane based

on a natural rubber tire electric wheel with a high-speed

Fig. 14. The two-wheeled cane helping a users balance when they are starting
to fall forwards.

processing controller for walking assistance. The experimental

results on the hardware indicate that the two-wheeled cane

is effective in helping users maintain their balance and our

nonlinear disturbance observer provides a good method to

estimate the human force applied to the two-wheeled cane

for walking assistance.

In future work, we would like to further test the two-

wheeled cane at the rehabilitation center to get more comments

from the users to improve it more perfectly.
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